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It has been shown to be problematic for teachers to use Krutetskii´s definition of mathematical 
abilities to recognize mathematically highly able pupils (MHAPs). Aiming to concretize what 
teachers can notice in pupils’ problem-solving processes, we connect a 10-year-old boy’s problem-
solving process to some of the abilities defined by Krutetskii. The results give clear descriptions of 
what teachers can observe in pupils’ mathematical activities to notice their mathematical potential. 
We concretize, for example, how a pupil’s abilities to grasp a problem’s formal structure and to 
generalize can be observed. To be able to notice MHAPs, teachers need research-based support on 
how and what to observe in their pupils. Our proposed guide needs to be tested and validated to 
explore if it will help teachers to notice MHAPs s and subsequently support their learning. 
Keywords: Mathematical ability, highly able pupils, teachers. 
Background 
Schnell and Prediger (2017) have shown that teachers need the capacity to notice pupils’ 
mathematical potential in order to support all pupils in their development. Mellroth, van Bommel, 
and Liljekvist (2019) have shown that this is a challenging task for teachers when it concerns highly 
able pupils. It is therefore important to give teachers research-based guidance on how to discover 
pupils who need more challenges than others, for example MHAPs. If a teacher does not notice 
these pupils and provide greater challenges for those who, for example, improve their skills quickly, 
the pupils “may slip into a stage of boredom” (Liljedahl, 2017, p. 1147).  
Krutetskii’s (1976) work on the mathematical abilities is, for many, still the seminal work on the 
nature of mathematical ability. However, using his ideas to notice pupils’ mathematical potential 
poses significant difficulties for many teachers. This is shown by Mellroth, et al. (2019) in a study 
where teachers working in groups analysed pupils’ potential to show, in their problem-solving 
processes, the abilities defined by Krutetskii. The following transcript of a discussion among three 
teachers (A, B, and C), shows some of the teachers’ frustration: 
1 B: So, we are supposed to use those and apply them to a problem we choose. 
2 A: The words are pretty difficult.  
3 C: This is harder, oh! 
Teacher A reads aloud the Swedish translation of one of the abilities from Krutetskii’s work. 
4 B: Oh my God! 
  
Primary teachers are the ones who first meet children in formal learning situations, and they should 
therefore be given the best support to notice pupils’ mathematical potential. It is also these teachers’ 
responsibility and duty to support and challenge all children. Teachers in primary school do not 
usually have deep knowledge in mathematics. It is, however, reasonable to argue that all teachers of 
young children want the best for their pupils and want to give them the challenges necessary for 
learning. To do this for pupils with high ability in mathematics, teachers need to be able to notice 
them (Shayshon, Gal, Tesler, & Ko, 2014). 
The aim of this paper is to propose a structure to help primary teachers notice their pupils’ 
mathematical potential. More precisely, through richer descriptions and commented examples from 
a pupil’s problem-solving process, we concretize what teachers can notice as characteristic of 
mathematical high ability. In this paper we will present and describe the development of such an 
emerging structure, based on the seminal work of Krutetskii (1976). How well the structure works 
to improve teachers’ observational skills remains for further studies to explore.  
Krutetskii’s way of describing mathematical ability 
There are newer frameworks than Krutetskii’s (1976) describing mathematical ability, such as those 
used by Schnell and Prediger (2017). It is, however, easy to ascertain that these frameworks are 
descendants of Krutetskii’s (1976), so we have chosen to use the original framework, since it is 
unquestionably the most used in the research field of education for MHAPs.  
Several researchers suggest that pupils should be active in problem-solving activities that are 
meaningful for them, in order for their teachers to be able to notice their mathematical potential 
(Krutetskii, 1976; Schnell & Prediger, 2017; Singer, Pelczer, & Voica, 2015). In particular, so-
called rich problems fulfil many criteria known to be important for supporting and stimulating 
MHAPs by, for example, demanding higher order thinking (Sheffield, 2003). Therefore, when 
MHAPs work with rich problems, it can be assumed that they are participating in an activity that is 
meaningful for them. 
In his work, Krutetskii (1976) describes mathematical abilities and categorises them into four 
groups. His four groups divide the components of mathematical ability in the following way (pp. 
350-351): 1. Obtaining mathematical information; 2. Processing mathematical information; 3. 
Retaining mathematical information; and 4. General synthetic component. The first three groups 
proceed from basic stages in problem solving. The fourth, specified as a mathematical cast of mind, 
is a more general component that Krutetskii identified during his experiments. To fulfil the aim of 
this article, we here present and explain some of the mathematical abilities described by Krutetskii. 
Due to space limitations, we have chosen to focus on the abilities for which we can show clear 
evidence in one empirical case. This paper focuses on primary teachers. As the third component has 
been shown to be easier to observe in older students (Szabo & Andrews, 2017), we exclude it from 
this paper. The fourth component requires observation over a longer period of time (Krutetskii, 
1976), so we also exclude also it. We describe here how the abilities chosen are interpreted in this 
paper. 
  
1. Obtaining mathematical information 
“1a. The ability for formalized perception of mathematical material, for grasping the formal 
structure of a problem” (Krutetskii, 1976, p. 350) 
This is the ability to grasp the formal mathematical structure. Children with this ability want to 
understand the mathematical structure of the problem. They are not only interested in individual 
variables, but also in the relationships between different variables. Children with this ability have a 
need or desire to understand the mathematical structure of the problem and to discover relationships 
available to connect these relationships. Children who lack this ability often work unsystematically. 
They mainly utilize the mathematical connections they already know, even if the connection to the 
actual problem may be weak. 
2. Processing mathematical information 
The second group contains six subdomains, a-f; of these, a, b, d and f are accounted for below. 
“2a. The ability for logical thought in the sphere of quantitative and spatial relationships, number 
and letter symbols; the ability to think in mathematical symbols” (Krutetskii, 1976, p. 350) 
This is the ability to think logically and to understand mathematical symbols. Children with this 
ability think logically—for example, they easily identify a common principle in a series of numbers 
or pictures (Vilkomir & O’Donoghue, 2009)—and they have no problem understanding and 
working with mathematical symbols. 
“2b. The ability for rapid and broad generalization of mathematical objects, relations, and 
operations” (Krutetskii, 1976, p 350) 
The ability to generalize mathematically materials can be viewed in two ways: 1. The pupil can 
apply a known general concept to a specific case, that is, based on a known general concept, the 
pupil can propose a concrete case that applies in the given situation; 2. Based on a concrete case, the 
pupil can rapidly extrapolate to a general formula. Krutetskii makes a distinction between the pupil 
using an already-known generalization and deducing a new generalization. When using the term 
rapid, he is not primarily referring to time, but rather to the number of concrete examples a pupil 
needs before he or she can deduce or apply a general relationship (Krutetskii, 1976). 
“2d. Flexibility of mental process in mathematical activity” (Krutetskii, 1976, p. 350) 
The is the ability to have a flexible mind-set. Children with this ability are not limited by only using 
known methods. They do not necessarily try to apply a known method to the problem. The 
important thing for these children is the search for solutions, and they easily change strategies. 
“2f. The ability for rapid and free reconstruction of the direction of a mental process, switching 
from a direct to a reverse train of thought (reversibility of the mental process in mathematical 
reasoning)” (Krutetskii, 1976, p. 350) 
The is the ability to recognize and work with reverse problems. Children with this ability easily 
solve a reverse problem without any special instructions. They quickly identify it as the opposite of 
  
what they had just solved, and it is not difficult for them to switch between a direct and a reverse 
way of thinking. Given the equation 12/3=4, an example of a reverse problem would be 4×3 = 12. 
Method 
For this paper, we use empirical data from a previous study (Mellroth, 2009). Data consists of audio 
recordings, field notes, and the pupil’s written solutions from six 50-minute-long problem-solving 
sessions. During these meetings, the pupil worked with nine tasks, five of which were rich problems 
(Sheffield, 2003). Field notes and audio recordings were taken by one of the authors over a period 
of one semester. The pupil was a 10-year-old boy, “Marcus”, in his fourth year at a public primary 
school. The sessions were carried out during school hours, at the school. Each session comprised 
either one or two tasks. Sessions were led by one of the authors, and only the pupil and the 
researcher were present during the sessions. The sessions had the following format: The task was 
introduced both orally and on paper, and the pupil was instructed to think aloud. In general, no 
specific feedback was given to the pupil during the sessions, but in some instances feedback of the 
following nature was given: “This isn’t completely correct, can you try to explain it in a different 
way?” Sometimes encouraging statements, such as “you can continue in this way”, were made. The 
pupil was chosen because his teacher had identified him as potentially highly able in mathematics. 
In addition, Marcus’s problem-solving process clearly fulfils the criteria of MHAPs given by 
Krutetskii (1976), demonstrated below. Therefore, the case of Marcus is a good example that 
concretizes how teachers can notice mathematical potential. In advance of his participation, Marcus 
and his parents were informed about the study, the aim, and the methods, and the pseudonym 
Marcus was chosen by the boy. The study was performed following ethical recommendations for 
research. 
Here we show results of the analysis for one problem, the flowerbed. Analysis was carried out in 
the following way: A) a holistic overview of the whole solution process was written down, B) each 
of Krutetskii’s components (1, 2a-f, 3, and 4) was analysed separately, meaning that we sought 
examples of evidence for that specific component in the whole solution. This was repeated and 
discussed between the authors until we reached agreement. We first present the task, then Marcus’s 
solution process, and finally how we interpret the abilities to be concretized in Marcus’s solution 
process. 
The Flowerbed 
Dilan has a flowerbed. He wants to put paving stones around it. The flowerbed has four sides of the 
same length, each paving stone is the same size as the flowerbed (see left picture in Figure 1). 
1) How many paving stones does Dilan need to be able to encircle the whole flowerbed? 
2) Dilan decides that he want to have two flowerbeds next to each other and put paving stones 
around them in the same way (see right picture on in Figure 1). 
How many paving stones are needed if he wants to have the following number of flowerbeds: 
3) 10?   4) 30?    5) 90? 
6) If Dilan has 50 paving stones, how many flowerbeds can they be used to encircle? 
  
7) If he has 79 paving stones, how many flowerbeds can they be used to encircle? 
 
Figure 1: The flowerbed with surrounding paving stones 
In this problem, hands-on material can be used, but eventually it will become impossible, or very 
time consuming, to build or draw a solution. To be able to completely solve the problem, the pupil 
must work in a structured way and find a connection between the number of paving stones and 
flowerbeds. 
Marcus’s problem-solving process 
Marcus very quickly grasped the structure of the flowerbed. After introduction of the problem, he 
immediately started to work on the solution; it was a rare quiet moment. However, he seldom did 
any writing, but he was thinking aloud and was encouraged to do so. His way of approaching the 
problems was similar in all the problem-solving sessions. The flowerbed consists of subtasks 1–7, 
and as soon as Marcus had finished one subtask, he was eager to continue with the next. 
Holistic description of the solution process 
When working with the problem, Marcus quickly gave correct answers on the first three subtasks. 
After answering the third subtask, he was asked to explain his thinking. 
5 Marcus: Well, it is 10 flowerbeds, and 2 on each side, that equals 12, times 2, equals 24. 
Then there are also 2 on the edges, so 26. 
The researcher continued to give Marcus subtasks 4 and 5, and he answered correctly and quickly, 
without making notes. Thereafter, subtask 6 was given. Marcus thought a little bit more, but less 
than three minutes. His answer, 24 flowerbeds, was incorrect. The researcher asked him to explain 
his thinking. At this point, there was an illustrating picture on the table (see left image in Figure 2). 
 
Figure 2: Illustration of the problem, produced during the solution process 
6 Marcus: First I took away those 2 [he points to the 2 dark grey side pieces in the middle 
image of Figure 2], then it is 48, then divide by 2, equals 24. So, 24 flowerbeds. 
The correct answer is 22 flowerbeds. The researcher drew the image on the right in Figure 2 to 
show her thought process. 
7 Researcher: It is possible to count backwards to check if the calculation is correct. Let’s try. 
The researcher explained her thought process to explore if Marcus was able to change his thinking. 
Marcus was convinced his solution was correct, but he followed willingly and without difficulty. 
8 Researcher: I am thinking: Double the number of paving stones going out from the number of 
flowerbeds, then add 6, since it will always be 6 on the sides. Then we can check. 
  
If we have 24 flowerbeds, how many paving stones are needed? First we will have 
2 rows of paving stones… 
Marcus interrupts the researcher. 
9 Marcus: It must be 22 flowerbeds. 
The researcher and Marcus together checked the answer, based on his way of thinking, as shown in 
the middle image in Figure 2. The length of the rows with paving stones equals 22 plus 2, and two 
of these is 2∙24=48. Finally, add the 2 paving stones on the sides to get 50 in total. Correct. The 
allotted time for the problem-solving session was running out; only 5 minutes remained, and 
Marcus looked tired, so the researcher suggested ending the session. But Marcus noticed that one 
more subtask remained, number 7, and he wanted to also do it before he joined his regular class, 
which was on break. The researcher told him that only 5 minutes remained; Marcus replied, 
10 Marcus: I can do it! 
11 Marcus: 36 flowerbeds and 1 paving stone is left over. 
12 Researcher: How did you get that? 
13 Marcus: First I searched for something that was reasonable. 
Marcus gave his answer after thinking for 2 minutes. In the discussion, he explained that he tried 31 
and 34 flowerbeds and then concluded that it must be 36 flowerbeds and that one paving stone 
would be left over. 
Interpretations of how the abilities are concretized 
With the goal of concretizing for teachers how MHAPs may show some of the abilities defined by 
Krutetskii (1976), we here describe the process and criteria we used to tie Marcus’s problem-
solving process to specific abilities, as describes in the section about Krutetskii’s abilities. 
1a. The ability for formalized perception of mathematical … 
Marcus seemed to quickly grasp the problem statement, as is shown by his rapid and correct 
responses to the first three subtasks, where he did not explain how he came to the correct answer. 
However, when he explained his thinking—“ Well, it is 10 flowerbeds, and 2 on each side, that 
equals 12, times 2, equals 24. Then there are also 2 on the edges, so 26” — he showed that he had 
grasped the mathematical structure of the problem.  
What further strengthens the conclusion that he has an ability to see the mathematical structure is 
that he showed no signs of unsystematically searching for solutions, that is, he did not randomly 
guess. 
2a. The ability for logical thought … 
In his solution there is no evidence of the use of mathematical symbols other than numbers and the 
word addition. What evidence for logical thought can be seen? We claim that his rapid answers in 
subtasks 1–3, together with the explanation in subtask 3, transcript row 5, shows evidence of logical 
deduction, as he identified a common principle from the two given figures. In addition, when the 
  
problem was turned around in subtask 6, where the number of paving stones is given instead of the 
number of flowerbeds, he had no difficulty understanding the problem. Furthermore, he also 
deduced, without hesitation, that there is a paving stone left over in subtask 7 (see transcript row 
11). 
2b. The ability for rapid and broad generalization … 
Marcus showed proof of this ability when he explained his thinking on subtask 3 (transcript row 5). 
On his own, he deduced a general way to solve the problem. Thereafter, through his work on 
subtasks 6 and 7, it can be deduced that he used the general solution proposed by the researcher 
(transcript row 8), that is, after a single case, he adapted the given generalisation to new cases 
(transcript rows 9, 11, and 13). 
2d. Flexibility of mental process in mathematical activity 
When Marcus rapidly adopted the alternative strategy the researcher suggested for arriving at the 
solution (transcript rows 8 and 9), he showed that he can easily change strategies. 
2f. The ability for rapid and free reconstruction … 
Subtask 6 reverses the problem. First Marcus gave the wrong answer. However, when he described 
his thinking (transcript row 6), it became clear that he did understand the question and that he had a 
strategy to solve it. Therefore, we claim that he quickly identified the reverse problem. 
Discussion and implications 
We strongly believe that teachers can notice pupils’ mathematical potential when they are supported 
by clear explanations in conjunction with examples of how MHAPs can show their mathematical 
abilities. We also argue that this is a matter of schools´ responsibilities since MHAPs are present in 
most classes, pupils from homes with high socio-economic statuses will manage well, but MHAPs 
can origin from all homes, and hence it´s important that the school as organization have knowledge 
on how to support these pupils. Using previous research as a basis, we have proposed rich 
descriptions and provided and commented on examples of a MHAP’s problem-solving process.”. 
We have thereby concretized what teachers can pay attention to in their pupils’ problem-solving 
processes in order to identify those who may be highly able in mathematics.  
To continue the work begun in this paper, the next step is to conduct a study to explore if our 
descriptions—or ones similar to them—give teachers support in noticing MHAPs. We have 
designed and piloted a workshop with this aim.  In it, teachers are asked to evaluate pupils’ oral 
and/or written solutions, to note if they find indicators of a certain ability (based on those proposed 
by Krutetskii), and if they do find them, to rate how strong the indicators are. In addition, they are 
asked to grade, on a scale of 0 to 2, how easy it is to detect the ability based on the pupils’ solutions. 
However, to show its value the workshop must be validated with a larger number of teachers. 
To be able to notice MHAPs, teachers need support based on research. This support can be 
orchestrated, for example, through professional development programmes (Shayshon et al., 2014). 
Observing mathematical abilities by using Krutetskii’s (1976) framework is likely not the only way 
teachers can notice MHAPs. For example, as Singer et al. (2015) wrote, allowing pupils to work 
  
with problem modification is also a suitable way to notice MHAPs, who generally work in a 
structured manner, changing one variable at a time to control how changes may affect the problem. 
The results reported by Singer et al. (2015) also provide important knowledge for teachers to use in 
their endeavours to notice MHAPs. 
Naturally, the support teachers give to pupils after they have noticed their mathematical potential is 
important, for example to prevent boredom, which can be a result of too little challenge (Liljedahl, 
2017). Of special importance is teachers’ ability to notice and support mathematical potential in 
underprivileged pupils, for example those from disadvantaged socioeconomic backgrounds (Schnell 
& Prediger, 2017). One way for teachers to support the learning of all pupils, including MHAPs, is 
to use rich problems (Nolte & Pamperien, 2017; Sheffield, 2003). Pupils have different learning 
needs; some require more help to understand a concept or problem, while others need complex tasks 
to develop their learning (Sheffield, 2003). It is therefore important that research is conducted with 
the aim of giving teachers support on how to differentiate teaching in the regular classroom. To 
develop pupils’ learning according to their potential is, of course, the main goal of teaching. To do 
this for MHAPs, however, the first step is to help teachers notice them (Shayshon et al., 2014). 
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